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d) oy @:N, 5[ ©) 6ol s653egds00 B30, GMIgeog
530594mB0gdL  30HMISL W(Iog n/e, ) =400, 85906 5MLYOMDL
nN—o0
f € H, obgoo, Hmd

sup—Z”S f|| = o0,
neN n¢ k=1

3006306-3909M0L b5dw)seMgdobm30L 358330390 899!
»gm6gds 2: 5) godgeo f e H,,. 85806

Z 1/2
”O-k f ”1/2 ” cjf ”Hl,2

sup
nlogn k=1

d) 0bg39, HMIMOE MIMG9s 1-80, FFHI0EgdIos 10g N Gogols
239699BMY0gdE™mdolL Logombo.
ogmégds 3: 5) godgom [ € H, (Gm) (0 <p <1/2) ©d

n=>y"nM, n=01L.,m-1 8:Bob

1/p-2
(2.1) ”O-nf”Hp SCD(M\n\ /M<n>) ||f||Hp
3) 0535030690 (2.1) 306H:@MBOL 5OLYIOMMBOL Lagzombo.
0gmegds 4 goggsm 0< p<1/2, feH (G,) >

2.2) a)HM(Gm)(f,llMak):o((M<ak>/Mak)ﬂp_2j, k — oo,

0500b

—0, 6mgs k— oo

Hy2 (G
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539600 0gbs (2.2) 306HMBdOL 5GOlYd0MMBdOL bszombo:
ogmegds 5:  godgom 0< p<l/2, sGUYR@I  BomEH0baowo
feH p(Gz ), obgmo, GmI

Dy o) T2/ |\/|ak)=o((|\/|<ak> / Mak)”p_z), g N—> 00

Qo

>c>0.

WHG f—f
% weak—L,(Gy,)

k—0

T L3095 gdoLm30L ©359¢303Im 98©ga0:
ogn6gds 61 5)  s6sdGoso {0, 1k =0}.  808gz6mdon
Fomdmgdbomo T 8gxsdgdsmdol dgmmool T Bsdlodsereydo
™3965¢H™O0  560L Fgdmbsbrgevwo H,,, Loghgowsb weak — L,
Lbog®Egdo.
d) godgoo O0<p<l/2 s {0, :k=0} s60b s6HsBHOI©O
0080©9360Md5, HMIgeog 530594mBogdl 9999y 3060

Opi / Qup =€/, (C21).

85806 5OLgdMdL BsOH0byswo f e H ) obgmo, ®md

SUP[T, e, =22
09985 7: 356boeos sbsemy0m®Ho mgm®mgdgdo Mm3s
O<p<l/2, feH p QOO {q, 1k =0} 560l s653c985000
0000930mds, HMIgerog 53059mn30¢gdl 306HMdIL
(2.4) 4,./Q,=0(1/n), n > .
0gmgds 8: 5) gongzom 0< p<1/2, feH s {q, :k=0} s6ol
305HMH0 M®0oEbggdol 00I30Mds. B5F0b LoBoMME0sbos:

[T 5
277 <G,
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d) goodgom f e H,y, oo {0, K =0} s60b s65BOH@s©0 Hogbggdol
900936:mds, HMdgeog 5385gmzgowmgdl 1/Q, =0 (1/ n), n— oo

306HMdL. 59ob
1/2

1/2
2 <cl

[T f ||

Iog n k=L
0909085 9: gobbowmos 065@(')60@6)0 A030L sbsewo 35GEoL
$030b MAHO@ddo, Omgs 0< p<1/2, feH  ©s{q, 1k >0}

360 5653190500 303I3MMds, HMIJoE 53059MmR0EgdL (2.4)
306MdL.

Hobob @5 b MBOL WMYsOHOMTNo LsdwysEmgdobmgzol
©5359¢30399> 8990930 AL MDYOO:
09mgds 10: 5) ©d3793350 0< p<1/2 s f eH (G,). 85806

i log® n ||R f ||
d) sgmdzsm 0< p<1/ 2 ©s @ :N —[1,00) . 560l Bgdoldogeo

30539050 BbI30, MMIJ0E 53059MmBOIGOL 30HMB
lim @ (n) = +00. 85806 sOLYBMBL BsrHobsewo f e H (G)

n—oo

H(G)

<o Flhy @

oLymo, GMJ
= log” n|R, f[> @(n)

2-2p

n-1 n
0gmegds 11: goggsm 0< p<l > feH, (Gm). 85806

- L ||
2 <ot

k=1
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General description

The classical Fourier Analysis has been developed in an almost
unbelieved way from the first fundamental discoveries by name Fourier.
Especially a number of wonderful results have been proved and new
directions of such research has been developed e.g. concerning Wavelets
Theory, Gabor theory, Time-Frequency Analysis, Fast Fourier Transform,
Abstract Harmonic Analysis, etc. One important reason for this is that this
development is not only important for improving the "State of the art",
but also for its importance in other areas of mathematics and also for
several applications (e.g. theory of signal transmission, multiplexing,
filtering, image enhancement, coding theory, digital signal processing and
pattern recogni-tion).

The classical theory of Fourier series deals with decomposition of
a function into sinusoidal waves. Unlike these continuous waves the
Vilenkin (Walsh) functions are rectangular waves. The development of
the theory of Vilenkin-Fourier series has been strongly influenced by the
classical theory of trigonometric series. Because of this it is inevitable to
compare results of Vilenkin series to those on trigonometric series. There
are many similarities between these theories, but there exist differences
also. Much of these can be explained by modern abstract harmonic
analysis, which studies orthonormal systems from the point of view of the
structure of a topological group.

Scientific value

This PhD thesis deals with boundedness of some operators on the
martingale Hardy spaces. The central theorem in our direction is
decomposition of martingale Hardy spaces.
The thesis contains four chapters:

1) Preliminaries,
2) Partial sums and Fejer means on H p spaces,

3) T means of Vilenkin-Fourier series on martingale Hardy
spaces,
4) Reisz and Norlund logarithmoic means means on H p spaces.
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In Chapter 1 we first present some definitions, notations and basic
facts about Vilenkin groups and systems, which are crucial for our further
investigations. After that we also define partial sums and Fejer means,
Riesz and Norlund logarithmic means, Norlund and T means with
respect to Vilenkin systems and investigate their basic properties.
Moreover, we define Lebesgue and weak-Lebesgue spaces and martingale
Hardy spaces.

Chapter 2 is devoted to investigate some new Hardy type inequalities

for H p norms of partial sums and Fej\'er means with respect to Vilenkin

systems. Next, we prove convergence of subsequences of Fejer means in

Hp norm. After that we apply these results to find necessary and

sufficient conditions for the modulus of continuity for which norm
convergence of Fejer means hold. We also prove sharpness of all our main
results in this Chapter.

In Chapter 3 we consider boundedness of maximal operators of T
means with respect to Vilenkin systems. We also prove that results are
sharp in the special sense. After that we prove some new Hardy type

inequalities for H p norms of these summablility methods. Since Fejer

means, Riesz means are well-know examples of T means some well-
known and new results are pointed out in these special cases.

In Chapter 4 we consider Riesz and Norlund logarithmic means with
respect to Vilenkin systems. In particular, we prove some new Hardy type

inequalities for Hp norms of Riesz means with respect to Vilenkin

systems. Moreover, we also prove sharpness of this result for only Walsh-
Fourier series. Next, we investigate boundedness of maximal operators of
Norlund logarithmic means. In the special cases, we also investigate a.e.
convergence of subsequences these means in the Lebesgue space of
integrable functions.

18
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Novelty and uniqueness of the research
Let M= (mk,k eN )(N = {0,1,...}, P:=N \{0}) be a sequ-
ence of integers, each of them not less than 2. Let denote the discrete

group Z,, = {O,l,..., m, —l} with the mod M, addition as the group
operation. LetG, = % Z,, . Thenevery X € G,, can be represented by
k=0

a sequence X=(Xi,ie N) where X Ezmi(iEN). The group
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operation on G, is the coordinate-wise addition. In this PhD thesis we
discuss only bounded Vilenkin groups, that is SUP _, M, <0. We note
that, if M, =2(k € N), then G, coincides with the Walsh group.

Let My=1M_, =mM, (n eN ) be the so-called gene-
ralized powers. Then each natural number N € N can be uniquely
expressed as N= ZZO nM, (ni €{0,1,...m -1} ,ie N), where
only a finite number of N, differ from zero.

Set |11| =max{j e N, n, = 0},<11> ==min{j € NV, n, = 0}. For
every N= ZZO NM, we define
o, = SJZgH(ﬂ/.) = sjgn(—n/. ) ,5;. = ‘—111. —1‘ o,
The Nt generalized Rademacher functions on G, are defined
by r(X):=exp(27(x,/m,)) (x €G, neN i= \/—_1)
The N ™ Vilenkin function is defined as /= Hj:o I‘/H’ ,(I] eN )
The system ¥ = (l// ,ineN ) is called a Vilenkin system.
The norms (or quasi-norms) of the spaces Lp (Gm) and

weak — Lp (Gm ) are respectively defined by
| ”Ep(em) = '[Gm| f (X)|p d z(x),
|t ”vpveak_Lp(em) = iuopﬂpy(x eG, :|f(x)> /1), (0< p < +0).

The partial sums of Vilenkin-Fourier series are defined as follows:

Sn(f;x)::rifj(x)t//j(x)
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where the number fJ— = I f(x) v (X) d z4(X) s said to be the j®
G

m

Vilenkin-Fourier coefficient of the function f .

The Fejér means and it's maximal operator with respect to
Vilenkin-Fourier series are defined as follows:

1 n *
an::—Zij, o f =sup|o, f|.
n j=1 neN
Let {Q, : K > O} be a sequence of nonnegative numbers. The N -

th Norlund means, 7" means and kernel of T means of Vilenkin-Fourier
series of f is defined by

n n-1
1 1 n-1
t f=— S f, Tf=— S, f, =
n Qn é qn—k k n Qn ;qk k Qn ;qk
The maximal operators of T and Norlund means defined by:
t*f =suplt, f|, T"f :=sup[T,f|.
neN neN

The N -th Norlund logarithmic mean, the Riesz logarithmic mean and
their maximal operators are defined by

n-1 n-1 n-1
Lnf ::l Skf ’ Rnf :zi M! In ::ZEI
I, ian-k I, iz K i K

and
L' f :=sup|L, f|, R"f:=sup|R,f|.
neN neN
The o-algebra generated by the sets
[n (X) = {yeG:y:(XO’XI""’Xn—l’yn’yn+l)}
will be denoted by F, (k € N). Denote by f Z(fn ‘ne N) a one-

parameter martingale with respect to F, (k eN ) . For 0 < p <, the

Hardy martingale space /7, (Gm) consist of all martingales for which
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£

”f”Hp ::Hf*HL < 0, where f*=SupneN
p

The concept of modulus of continuity in H_ (G, ),(0< p <)
is defined by

Oy ) (LM, )= f =8, f]

H P(Gm) .
Research methodology

According to the proposal aims and problems, methods of real
analysis combined with methods of abstract and non-linear harmonic
analysis together with theory of approximation will be widely used. Other
research methods include theory of function spaces and inequalities.

A function a is a p-atom, if there exists an interval |, such that

J'Gm adu=0, |[af <gx(l )", sup p(a)cl.
Weisz gave us a description of the space H | (Gm ) :

Lemma 1: A martingale f :(fn,n IS N) is in Hp(Gm)
(0 < p<1) if and only if there exist a sequence (ak keN ) of p—

atoms and a sequence ( My keN ) of real numbers such that, for every

neN,
o p

(0.1) ZyKSMn(ak):f(n), Z|yk| < 0.
k=0

k=0
© . Up
Moreover, ” f ”H (G0) ~inf Z|,uk| , where infimum is taken
p{m
k=0

over all decomposition of f the form of (0.1).
Using this theorem we can conclude:
Lemma 2: Suppose that an operator | is sub-linear and for some

O<p<l
f |Ta(x)|pd,u(x) <c, <o,
(Gn\1)
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for every P -atom @, where | denotes the support of the atom. If T

is bounded from L to L, then

[T, ) < S I f1

Ly (Gp) Hp(Gn) *

Research Actuality
It well known that Vilenkin systems do not form bases in the space

Ll(Gm). Moreover, there exists a martingale in the Hardy space

H D (Gm ), such that
SUPen ”Snf”Lp(Gm) =, (0<p<l).
Tephnadze proved that if f € H 0 (Gm) (O <p< ]_) and

a’Hp(em)(l/ M., f)=0(1/(M|1’ P jog P! k)), as k= o0
then

Is.£ -1, ) 0w

where [p] denotes integer part of p. Moreover, there exists a martingale

f eH,(0< p<1), for which
@y o,)(F1/M,)=0/(MZ*1og!n)) as n—soo

and S, f do not convergesto f in H p Dorm.

Simon considered Hardy type inequalities for H p norms of
the one-dimensional Vilenkin-Fourier series (in the literature such
theorems is also called strong convergence results) and proved that
there exists an absolute constant C;, depending only on P, such that

2 ||5kf z

1 »(%) _
(1.1) T ; <t o) £ EH, (G,).(n=23..)
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Moreover, Thepnadze proved that for sequence {1 ] kP }w in inequality
k=1
(1.1) is sharp.

Weisz proved that maximal operator of Fejér means o is
bounded from H1/2(Gm) to weak- L1/2(Gm)' In Blahota, Gat and
Goginava proved that, there exists a martingale feH 1/2(Gm)’ such
that

sup,_ Ha*fH = o0,
Prenll®
Tephnadze proved that if 0 < p <1/2 and
Oy 6, UM, T)=0(L/(MP*2log 2P 'dk)) as k — o,
then

”0n f— f”Lp(Gm) —0, n—>ow.
Moreover, there exists a martingale feH b (G m ), such that
(T 1M, }=OQIM™ 2 log P 7)), as 01— o0
and

r!iﬁ”qf —f|, 6,)>Cc>0.

Blachota and Tephnadze proved that if 0 < p <1/2, then
P
1 N ”Uk f ”l_p Gn
(12) Iog [1/2+p]n ; kz,zp( ) < Cp " f ||::p(Gm) )

fe Hp(Gm), (I‘] :2,3,...). Moreover, when 0<p<1/2

sequence {1/ k2P }::1 in (1.2) cannot be improved.
Tepnadze proved that the maximal operators of Reisz

logarithmic mean does not bounded from the space H,,, to the space
weak — L1,2. Moreover, there there exist a martingale feH b where
0< p<1/2, such that
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r°t], =

Goginava proved that there there exist a martingale f € H p» such that

the maximal operators of Norlun logarithmic mean does not bounded in

the space Lp. Particular, there there exist a martingale f € H p» such

that

Hardy type inequalities and boundedness of weighted maximal operators
of the t, and T, means on the Hardy spaces and their summability of

some general methods were considered by Memich, Person, Tephnadze,
‘Wall and in the works of other authors.

Research goals and objectives

For the partial sums of the Vilkin-Fourier series we proved that:

Theorem 1: a) Let f € H,. Then

sup

ZIIS ], <c[f],,-

n nlogn iz

b) (sharpness) Let @:N N —[1, ) be a nondecreasing function

satisfying the condition

lim(logn/g,)=

n—o0

Then there exists a

martingale f € H, such that

sup—Z”S f, =ce.
neN n(Dn
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Theorem 2: a) Let f € H,,,. Then

ZII ot <clfl,

nognk

HJJZ

b) The rate of l0gN is in the sence sharp as it was proved in part b) of
Theorem 1 for partial sums of Vilenkin-Fourier series.

Theorem 3: a) Let fEHp(Gm) (0< p<l/2) and
n:ZLOniMi, n, =0,1,...m —1. Then

1p-2
2.1) ||an||Hp SCD(M\n\/M@) ”f”Hp

b) We also prove sharpness of (2.1):

Theorem 4: Let f € Hp(Gm), 0<p<1/2 and

then

1Up-2
2.2) a)Hm(Gm)(f,lllvlak):o((M<ak>/Mak) j k — oo,
—0, as K — oo,

‘ Hy(Gm)

b) We also prove sharpness of condition (2.2):
Theorem 5: Let (0 <p< 1/ 2), then there exist a martingale

fe HP (Gm), such that

o, f—f1

2

(f.1/ |\/|ak)=o((|\/|<ak> IM

D, ()

and
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lim|o,, f - f

k—o0

>c>0.
weak—L,(Gp,)

For the 7" means we have proved the following:

Theorem 6: a) The maximal operator T of the summability method
with non-increasing sequence {q, : K > 0}, is bounded from the Hardy

space H,,, to the space weak —L,.
b) Let 0< p<1/2 and {q, : k > O} is a non-increasing sequence,
satisfying the condition Q,,, / Q,,, =C/n, (C 2 1). Then there exists a
martingale f € H p» such that

SUP[T, e, =22
Theorem 7: We prove similar theorem, when 0 < p<1/2, f eH|
and {Q, : K > O} is non-decreasing sequence satisfying the condition
(2.4) 0,2/Q,=0(1/n), n > .
Theorem 8: a) Let 0 < p <1/2 and {q, : kK > 0} is a non-increasing

sequence. Then

- [Tfl,
LTS
b) Let f € H,;, and {0, : K > 0} is a non-increasing sequence
satisfying the condition 1/ Q =0 (1/ n), N — 0. Then
[T f ||

Iognkﬂ
Theorem 9: We prove similar Hardy type inequalities, when
0<p<1/2, feH, and{q, 1k >0} is non-decreasing sequence

1/2

vz <ol £,
Hl/Z

which satisfying the condition (2.4).
For the logarithmic means of Reisz and Norlund we proved the
following inequalities:
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Theorem 10: a) Let 0< p<1/2 and f € H (G,). Then

= log” n|R,

2.

n=1 n
b) Let 0< p<1/2 and ®:N —[1,0) be any non-decreasing

fll
= <o f];

2-2p H,(Gy)

function, satisfying the condition lim ® (n) = +o0. Then there
nN—o

exists a martingale f € H (G) such that

= log” n|[R, f[ @(n)

2-2p
n=1 n

Theorem 11: Let 0< p<1/2 and f € Hp(Gm). Then

It ||
zk =< T,
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